A tapered asymmetric directional coupler is considered as a promising structure for high tolerance and efficient on-chip mode (de)multiplexers. However, the optimum geometry parameters selection still remains empirical without specific numerical guidance. Here, an in-depth analysis has been carried out based on coupling mode theory. A theoretical model is built aiming to combine the consideration of device efficiency, mode crosstalk and fabrication tolerance. According to that, mode (de)multiplexers (TE 0 -TE 1 , TE 0 -TE 2 , TM 0 -TM 1 , TM 0 -TM 2 ) with broad operation wavelength (C + L band) and low mode crosstalk (minimum −30 dB) are fabricated. The proposed theoretical model can serve as a guideline for the design and optimization of the tapered ADC based mode (de)multiplexers.
Introduction
The scale of data transmission and connectivity continues to grow exponentially during the last few decades [1] . Low cost highly integrated on-chip wavelength division multiplexing (WDM) [2] and advance modulation formats [3] have been developed to increase the transmission scalability of a single fiber. In conjunction with the former technologies, mode division multiplexing (MDM) offers an additional degree of freedom to further expand the transmission scalability [4] . As one of the critical components for on-chip MDM, integrated mode multiplexer has been widely investigated targeting to the wavelength insensitivity and high extinction ratio. At present, integrated mode multiplexers are mainly based on Y-junctions [5] , [6] , multimode interferometers [7] , [8] , ring resonators [9] , [10] and asymmetric directional couplers (ADC) [11] , [12] . Particularly, ADC gets extensive attention thanks to its structure simplicity and fabrication feasibility. While one of the roadblocks of an ADC is the fabrication tolerance. The fabrication deviation of the waveguide width may break the phase match condition between different modes and result in performance degradation. It is suggested only 5 nm fabrication error is acceptable [13] . To increase the fabrication tolerance, tapered ADC has been introduced and widely studied in recent years [14] - [17] . A tapered ADC based TE 0 -TE 1 mode (de)multiplexer in telecommunication band has been demonstrated on the silicon-on-insulator platform [14] . Meanwhile, a mode multicasting multiplexer is proposed with cascaded tapered ADC for multiple modes multiplexing [15] . More complex technologies such as etched taper and non-planar taper have been introduced to further increase the fabrication tolerance and minimize the footprint [16] , [17] . However, in those work, the design and geometry parameter choosing of the tapered ADC still remain empirical. By now there is no in-depth analysis and design methods proposed for the on-chip tapered ADC based mode (de)multiplexer. In this paper, a theoretical model based on the Coupled-Mode Theory (CMT) is built to analyze the mode converting efficiency, mode crosstalk and fabrication tolerance. To verify the proposed model, mode multiplexers with high extinction ratio and wavelength insensitive have been designed, fabricated, characterized on the SOI platform. The TE 0 -TE 1 and TE 0 -TE 2 multiplexer exhibit a low insertion loss (<1 dB in the wavelength range of 1525-1625 nm, minimum 0.07 dB), wide operating wavelength range covering C + L band with the ports crosstalk of (−24.69 dB, −17.41 dB) and (−31.47 dB, −30.90 dB) respectively. The theoretical model can serve as a guideline for the design and optimization of the tapered ADC based mode (de)multiplexers.
Theoretical Model
The tapered ADC for mode multiplexing is a three-port device including a single mode waveguide and a wider tapered multi-mode waveguide, as shown in Fig. 1(a) . Data from two different channels (D1, D2) carried by an identical wavelength (λ 0 ) inject into two input ports (In 1 , In 2 ) of the multiplexer separately. Both input signals are in fundamental modes. D2 will maintain as fundamental mode through the coupling region while D1 will convert to the higher order mode in the bottom waveguide during the coupling. In this way, the signals carried by the same wavelength can propagate within the same waveguide without any interference.
The power converting between the modes along a tapered ADC could be solved by CMT despite that is usually utilized in two width-fixed waveguides [18] . As shown in Fig. 1(b) , considering an untapered ADC firstly, the mode coupling efficiency κ(z) can be written as: Where α and β are constants determined by the coupler structure, material and operating wavelength. κ max represents the maximum converting ratio from one mode to the target mode. n eff 1 and n eff 2 are the effective refractive indices of the modes to be coupled. If and only if n eff 1 =n eff 2 , a fully power conversion from one mode to another is possible. This is usually referred to as phase match condition. Based on Eq. (1), mode coupling from per unit length is therefore given by:
When it comes to a tapered ADC, κ max and β will be functions of the propagation distance z. Thus, the coupling efficiency of a tapered ADC could be expressed as an integral of the propagation distance z:
According to Eq. (3), the mode coupling efficiency depends mainly on two factors: κ max (z) and β(z), which map to the geometry parameters of the tapered ADC. Fig. 1 (c) shows the detailed geometry parameters of the coupling region. For simplifying the analysis, some of the geometry parameters are fixed as constants in this paper. For instance, the single waveguide width is set as 400 nm. Meanwhile the waveguide thickness is 220 nm with the gap fixed to 200 nm. This gap distance could ensure a relative strong coupling for more compact device footprint with the fabrication compatibility to the 0.18 μm mask technology. Thus, the available design parameters turn out to be the central width W c of the tapered waveguide, taper width difference W b = W b1 − W b2 and the taper length L .
Design Flow and Performance Analysis
This section will introduce how to optimize the three key design parameters (W c , W b and L ) in a tapered ADC, taking TE 0 -TE 1 multiplexer for instance, to realize higher mode coupling efficiency and fabrication tolerance.
W c Selecting
To determine W c in the multi-mode taper, the reasonable way is to satisfy the phase match condition with the single mode waveguide. Fig. 2(a) shows the mode effective refractive indices with the variation of the waveguide geometry. The effective indices are required by 2D simulation using the commercial software COMSOL. The waveguides match pairs could be found at the intersection point of different optical modes with the same effective refractive index. In a TE 0 -TE 1 multiplexer working at wavelength 1550 nm, the TE 0 mode of a 400 nm wide waveguide matches with the TE 1 mode of a 840 nm wide waveguide. Thus the central taper width W c could be around 840 nm to get high coupling efficiency. Also, the height deviation caused by fabrication process may also influence the refractive index of such a waveguide, both in TE and TM mode, which are shown in Fig. 2 
κ max and β Calculating
To calculate the mode coupling efficiency κ, κ max (z) and β(z) should be obtained first. As mentioned in the "theoretical model" section, these two parameters change with the variation of the tapered ADC geometry structure. Thus, they can be linearly converted to κ max (w n ) and β(w n ), in which w n = W c − W b /2 + W b /L * z refers to the width of multimode waveguide. The κ max (w n ) and β(w n ) values of a TE 0 -TE 1 multiplexer are acquired by 3D simulation of the untapered ADC, which are shown in Fig. 3 (a) and (b). As for κ max (w n ), within the waveguide width of 600-2000 nm, TE 1 , TE 2 and TE 3 can be excited in multimode waveguide by TE 0 injection light at different wavelength regions, while lights in TM polarizations hold a near-to-zero κ max (w n ) due to the relatively low modes overlap in such a vertically symmetric configuration (silicon waveguide with silica as buried oxide and cladding material). As for a TE 0 -TE 1 multiplexer, higher mode crosstalk should be suppressed by limiting the tapered width difference ( W b ) to a proper range. In this paper, the maximum W b is chosen as 200 nm to ensure the κ max (w n ) of TE 0 -TE 2 5 dB lower than that of TE 0 -TE 1 . Fig. 3 
showing that the minimum values of β and the phase match condition reach at the same time. The results with different W a are also calculated for the latter analysis of fabrication tolerance.
κ Calculating and W b , L Selecting
Taking the calculated value of κ max (w n ) and β(w n ) ( Fig. 3) into Eq. (3), the mode coupling efficiency κ(L ) TE0−TE1 with different combinations of L and W b can be calculated, as shown in the Fig. 4(a) . As one can tell from the figure, with L and W b varying from 0 to 100 μm and 0 to 200 nm respectively, most geometry combinations (the crimson part) reach the conversion ratio larger than 0.9. That is, over 90% of the input power with fundamental TE mode transferred to the TE 1 .
The higher order modes coupling crosstalk in the device is defined as: The result is shown in Fig. 3(b) , in which the calculated higher order modes coupling efficiency is less than 1% unless the W b gets larger than 550 nm. Compared with that, the W b range (<200 nm) selected in previous section is a safe region in which the influence of higher order modes coupling could be neglected. This analysis method for higher order mode crosstalk is applicable as a general assessing parameter for all types of (de)multiplexers.
Beside the coupling efficiency, fabrication tolerance is another key performance parameter, which is characterized by the power stability index P s in this paper: (5) where κ(L ) max and κ(L ) mi n respectively represent the maximum and minimum TE 0 -TE 1 mode coupling efficiency under the variation of waveguide width caused by fabrication error. In tapered ADC based mode multiplexer, the coupling efficiency is much more sensitive to the width of the narrow waveguide than to that of the wide waveguide. Therefore, the sensitivity to the width deviation of the narrow waveguide W a is usually investigated as the benchmark of fabrication tolerance [14] . Fig. 4(c) and (d) show the power stability index (P s ) with different waveguide geometry under the specific W a values of 10 nm and 20 nm, respectively. Generally, a longer coupling length combined with a wider taper width difference will make a higher fabrication tolerance. The pointed out "high tolerance" regions in the both figures exhibit the most compact size with the highest power stability (P s > 0.8).
Considering all the results above, the selection of the coupling length L and the taper width difference W b can be crucial since choosing those arguments may affect the device footprint, mode conversion efficiency, mode crosstalk and fabrication tolerance at the same time. In order to describe those performance indicators simultaneously, we propose a mode multiplexing figure of merit (FOM), which can be defined as:
For a certain fabrication tolerance, which is usually up to the fabrication facilities, the FOM can help find the optimal combinations of W a and L for the tapered ADC. The FOM for ±10 nm and ±20 nm fabrication tolerance are shown in Fig. 4 (e) and (f) respectively. For either tolerance levels, there exits a region with optimal FOM and most compact footprint, which is pointed out by white arrows in Fig. 4 (e) (region I) and (f) (region II) respectively. In the region I, the FOM shows a higher optimal values (>0.8) with a relatively shorter coupling length than that in region II, while the performance in region I may degenerate quickly beyond the ±10 nm limitation. Thus, with an overall consideration of the footprint, efficiency and tolerance, the target device geometry could be selected from either the solution sets. For better understanding of the coupling process in a high tolerance tapered ADC, in this paper, we choose two points from each alternative region of Fig. 4 Fig. 5(a) and (b) shows the tapered ADC mode power variations in the two waveguides of Point1 and Point2. The input power of single mode waveguide and multi-mode waveguide are set to be 1 and 0, respectively. Fabrication errors are substituted by calculating the mode coupling efficiency with different single mode waveguide width W a . Both results show the normalized power of fundamental TE mode start at 1 then gradually decrease to 0, with the TE 1 power gathering along with the light propagating through the coupler. At the end of each geometry set, high consistency in output TE 1 power is exhibited within a tolerable width disparity of the input waveguide. Apparently, Point1 in the region I has a narrower waveguide width tolerance (20 nm) than Point2 (40 nm) in region II while the footprint is more compact. For a tapered ADC with deviations on the input waveguide width, the coupling process mainly happens at different regions, which ensure the maximum power transferred from the fundamental mode to the target higher order mode.
Performance Discussion
More details can be found in Fig. 5(c) and (d) , in which the narrower waveguide width deviations are −20 nm, 0 nm, +20 nm respectively, with the tolerance of ±10 nm and ±20 nm. For a narrower waveguide, the mode coupling starts at the front region of the tapered ADC, afterwards the power of high order mode oscillating around the maximum value. While for the wider waveguide, the transferred power fluctuates around low power due to the relatively large phase mismatch then rising to the maximum value at the tail end of the coupling region. Therefore, the tapered waveguide offers a wide alternative range for the phase match condition so that a higher fabrication tolerance can be realized. The comparison of the tapered ADCs and the untapered one is shown in Fig. 6 . The mode conversion efficiency is defined as: P c = 10 * log 10 (κ) ( 7 ) One can find that the untapered ADC for TE 0 to TE 1 conversion only holds a limited 3 dB width tolerance of only about 20 nm, while the tapered ADC with ±10 nm tolerance expands that value over 30 nm. The ±20 nm tolerance device exhibits a even broader 3 dB P c limitation, with the coupling efficiency always keeping higher than 3 dB within a 40 nm W b range. Despite that, P c curve of ±10 nm is more flat compared with the ±20 nm one when W a changes from 390-410 nm, which shows the tolerance value should be carefully selected according to the actual fabrication conditions for better performance.
Device Fabrication and Characterization
According to the previous theoretical analyses, we have designed, fabricated mode multiplexing devices based on the tapered asymmetric directional coupler structure. The devices geometrical parameters are designed for the multiplexing schemes of TE 0 -TE 1 , TE 0 -TE 2 , TM 0 -TM 1 , TM 0 -TM 2 , which are listed in Table 1 . In our design, considering the fabrication ability of the foundry, we choose the geometry parameters with optimal FOM under ±10 nm tolerance. The devices are fabricated by Singapore A*STAR Multi-Project Wafers (MPW) run with 0.18 μm mask technology. The gap between the asymmetric directional coupler is set to 200 nm. More details are displayed in the optical microscopic images and Scanning Electron Microscope (SEM) pictures in Fig. 7 . An inversely cascaded structure is introduced for the proof of concept. That is, a MUX and a DEMUX are connected back to back by a multimode waveguide, as depicted in Fig. 7(a) . For simplifying the description, the upper waveguide is called high order mode input port and the bottom one could be called fundamental mode input port. In such structure, light signal injected into either of the waveguides would transmit through the devices twice (for MUX and DEMUX). Consequently, the insertion loss of a single device will be the half of the measurement result of the structure. Furthermore, for a single port input, the power ratio between the either output ports of the DEMUX will explain the crosstalk of different modes, which is a key performance parameter of such multiplexing devices. The fabrication tolerance is relatively hard to define by the measurement while can be reflected into the wavelength sensitivity of the device indirectly. A higher wavelength independency may indicate a device with considerable fabrication tolerance.
TE Mode Multiplexing
In the TE 0 -TE 1 mode multiplexing design, the multi-mode waveguide is linear graded from 795 nm to 872 nm. The length of the coupling region is 44.11 μm.
For each design, 5 devices at different dies are characterized. The measured results are shown in the Fig. 8(a) and (b) . The mean insertion loss of each devices is lower than 1 dB within the C + L band. For light signals launched from the high order mode input and fundamental mode input waveguide, the crosstalk between the two output ports are lower than −24.69 dB, −17.41 dB, respectively. Fig. 8(c) and (d) show the measurement results of TE 0 -TE 2 mode multiplexing. With the same width of the single mode waveguide as the TE 0 -TE 1 MUX, the phase match of TE 2 and TE 0 is satisfied by selecting a wider multimode waveguide. The tapered multi-mode waveguide changes from 1215 nm to 1317 nm, with the coupling length of 48.18 μm. The devices also exhibit ports crosstalk as low as −31.47 dB and −30.90 dB for fundamental mode and high order mode input ports, respectively.
TM Mode Multiplexing
The TM mode multiplexing scheme in the 220 nm height silicon photonics platform can be more compact because it requires a shorter tapered multi-mode waveguide region due to the effective refractive index characteristics. The designed TM devices here are also consistence with the theoretical prediction meanwhile with good performance within C band. Fig. 9 (a) and (b) shows the TM 0 -TM 1 multiplexing results with different input situations. The mean insertion loss for fundamental mode input and high order mode input are lower than 1 dB with a crosstalk of −17.27 dB and −16.32 dB separately. One can tell that there is a typical performance degradation when the operation wavelength approaching 1625 nm. Such wavelength sensitive may be caused by the relatively sharper effective refractive index change in TM mode under such wavelength. Despite the bandwidth scarification, the C band performance of the device are considerable. More results of TM 0 -TM 2 devices are depicted by Fig. 9(c) and (d) , which also show low mode crosstalk (−20.89 dB and −19.80 dB) when working under C band. Table 2 shows the comparison between tapered ADC based mode multiplexers in this paper and those in other works. One can tell from the table that devices in this paper hold a relatively lower mode crosstalk and larger operation wavelength compared to the previous work. Moreover, the insertion loss at the working wavelength are also comparable with the former works. The results indicate that the theoretical model proposed could carry out appropriate design parameters selection for the device performance optimization. 
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